TO TOAN - TIN , TRUO'NG THPT CHUYEN NGUYEN BINH KHIEM

THAM LUAN :

MOQT SO BAT PANG THUC PAI SO va BAI TOAN GTLN & GTNN
CUA BIEU THU'C PAI SO TRONG CAC DE THI CD - PH

Bdt ding thivc 1a mgt méng kién thirc khé ciia todn hoc phé thong, né thuwong xuyén
Xudt hién trong cdc dé thi HSG ciing nhuw thi tuyén sinh CP - DPH. Dé chirng minh bt ding
thiee ta ¢ nhiéu phwong phdp; trong dot sinh hoat chuyén mon cia gido vién Toan cum 6
vao thang 03 nam 2011, toi da c6 tham ludn gidi thigu phwong phdp sir dung cdc bit ding
thiee ¢o dién (Cosi hodac Bunhiacopski), phwong phdp ding dgo ham . Hom nay, trong dot
sinh hoat nay tdi tiép tuc trinh bay thém 4 phwong phdp dac sdc nita dé chitng minh bt
dang thirc ciing nhw im GTLN va GTNN ciia mgt biéu thirc dai so : phwong phdp diung
mién gid tri, _phwong phdp Hinh hoc, phwong phip Ham sé va phwong phap khdo sdt lan
lwot tirng bién. Chiing ta sé IAm quen Vdi cdc phwong phdp nday qua mét sé vi du sau ddy :

|. Phuong phap diing mién gii tri:
Vidu 1: Cho x, ylacac sb thuc thoa man : 3x* + 2xy + y* = 11.

Tim gié tri 16n nhét va nho nhét cua biéu thirc : P = x* + 2xy + 3y~
» Goi T la tap gia tri cua P

, . I3 2xy+yt =11
Taco:m e T < HE sau c¢6 nghiém ()
x> +2xy+3y* =m

, 2 =11 =+
« Néu x = 0 thi hé tr& thanh 17 o Y=L han
3y’ =m m =33
» Xét truong hop x # 0. Pat y = tx, ta ¢6 hé:
, 11

x?(3+2t+t?) =11 AT
{x2(1+2t+3t2)=m T 1eote 3t m
3+2t+t? 11
a1
=N 3+2t+t? (1)
(M-33)t* +2(m-11)t +3m-11=0
Hé (I) c6 nghiém <> Hé (II) ¢6 nghiém x # 0 <> pt : (M - 33)? + 2(m - 11)t +3m-11=0,
(1), c6 nghiém
« Néum =33 thi phuong trinh (1) ¢6 nghiém t = —%
« Néu m # 33, khi d6 phwong trinh (1) ¢6 nghiém
< A, 20 (M-11)* - (m-33)(3m-11) >0
< -2m? +88m - 242 > 0 < m e[22-114/3; 22 +114/3]\ {33}
» Két hgp cac truong hop trén, ta dugc cac gid tri cia m dé hé (I) co nghiém la
m e [22-114/3; 22 +114/3]
Dodé: T =[22-11/3;22+114/3] . VAy : MinP =22-11./3, MaxP =22+11/3

Vi du 2 : Cho hai s6 thuc x, y théa médn : x> +y2 =2(x+Yy)+7.
Tim gid tri 16n nht va gid tri nho nhat cta biéu thire : P =3/x(x—2) +3/y(y - 2)
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= Goi T la tap gia tri cua P. Ta ¢c6 : m € T < HE sau co6 nghiém
{xz +y2=2(x+y)+7 "

3x(x-2) +3/y(y-2) =m
=Dit: u=3/x(x-2), v=3/y(y-2)

Taco: u=3x(x-2) =3/(x-1)*-1>-1 , tuongtu:v>-1

ul+vi=7 (U+v)* =3uv(u+v)=7 Hrv=m
Hé (I) thénh{ B @{ e md—_7 (I
u+v=m u+v=m uv =
3m
N - - A 0 ~ 2 m3_7
Suyra : u, v la hai nghiém cua phuong trinh t* —mt + =0 (1)

» H¢ (I) ¢6 nghiém < HE (II) c6 nghi€ém (u, v) thbau>-1,v>-1
< Pt (1) c6 hai nghlém ty, b thoa- 1<t <t

mZ 4(m3_7)>0
A>0 T am 0<m<3/28
St +D)+(t, +) >0 m+2>0 oim=-2 o1<m<¥/28
t, +1)(t, +1) >0 3 _ m<0Vm=>1
(t, +D(t, +1) m3 T im0 <
m

=Dods: T =[1;3/28]. Vay: MinP =1, MaxP =3/28

Vi du 3: Cho hai sb thuc thay ddi x # 0, y = 0 thoa man : xy(x+Yy) = x* — xy + y2.
1

¥

o -7 . , A ” <R , 1 \
Tim gia tri 16n nhét cua bi€u thic : P =—+ (Dé TSDH -
X

Khéi A — Niim 2006)
» Goi T la tap gia tri cta P. Ta ¢c6 : m € T < Hé sau c6 nghiém x = 0, y # 0 :

Xy(X+Y) = x> —xy+y?

1 1
F—i—F:m
Xy(x+y) = (x+y)* —3xy
xy(X+Yy) = (x+y)* —3xy , Xy(x+y) = (x+y)* —3xy
2 2 Xy(X+y) _ 2
S X+ —xy+y?) ST 55 =M SN (x+Y) M
3,,3 =m X y 2.,2 =m
X7y R R Xy
(do:x“—xy+y° =xy(x+Yy))
SP=S%-3P
*Dit:S=x+y, P=xy ; didukién: S*>4P.Hé (I) thanh { g2 (1)

BT

2 2
V‘|82—3P:x2—xy+y2:[x—%J +3Z >0 ; VX, y#0 .Néntacé:SP>0:>%>0
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Khi d6, hé¢ phuong trinh (1) c6 nghiém x # 0, y # 0 <> Hé (II) c¢6 nghiém (S; P) thoa S? > 4P
« Néu m <0 thi hé phuong trinh (1) v6 nghiém
2
«Néum >0 thi tir phuong trinh %:m:%:\/ﬁzs =JmP
Thay Vao phuong trinh SP = s? - 3P ta dugc
JmP? =mP? =3P < (m-/m)P =3 (1), ViP 0
N . 3
Pt (1) nay c6 nghiém P < m-Jm=#0<m=1. Khidé: P=— = S=—1"_
JmH/m-1) Jm -1
= Quay lai, Hé (II) c6 nghiém (S; P) thoa S* > 4P
m=1 m=1l
m=1
N R =Y 4-Jm >0c>{\/_<4c>me(0;16]\{1}
> —_—_> m <
Wm-12 JmEm-1) | JmEm-1?

= T6m lai, cAc gi trj ciia m dé hé (I) c6 nghiém x =0, y=0 1a m e (0; 16]\ {L}
Vay : MaxP =16 (cha y khdng ton tai MinP)

r— Bai tdp twong tw :
1. Cho 2 sb thyc x, y thay ddi thoa man 3/x&/x 1) +3/y@/y 1) =&/xy .
Tim gid trj 16n nhat va gia tri nho nhét ciia biéu thie : P =3/x +3/y +3/xy |
2. Cho 2 s6 thyc x, y thay doi théa man x* + y* = 1. Tim gia tri 16n nhAt va gid tri nho nhat
cua biéu thuic :

_2(x* +6xy)
1+2xy+2y%
3. Cho céc sb thuc duong x, y thoa mén : X + y + xy = 3. Tim gid tri I6n nhit cua biéu thirc
P= 3_X+3_y_ X2 — y2
y+1 x+1

Il. Phuwong phap Hinh hoc:
Vi du 4 : Cho x, ¥, z > 0 va théa : x + y + z < 1. Chung minh rang :

\/x2+x—lz+\/y2+%+\/zz+zi22x/8_2

) (Ppé TSPH -
Khoi A — Niam 2003)

-Détg{i—x; \Ej, B{%—y; ﬁj , Z=G—z; \/Ej

Ta co

—

a

—>

b

—

c

—

- -
+|bl+|c|>|a+b+cC

:\/(£+1+%—(x+y+ Z)j +(34/2)?

Xy

2, 1 2, 1 2, 1
\/x +7+ y+7+ Z+z_2:




. Mat khac
i+£+£—(x+y+z):[£+9xJ+(£+9yJ+[1+92J—1O(x+y+z)26+6+6—10=8
X y z X y z

(4p dung bét ding thirc Cosi cho 2 sb duong va vi
X+y+z<1)

2
Suyra: F+£+£—(x+y+z)} >64
X Yy z

= Vay : \/Xz +i2+\/y2 +i2+\/z2 +i2 >./64+18 =+/82 (dpcm)
X y z

. Tim GTNN cua biéu thtrc :

N w

Vi du 5: Cho x, y, z 1a cac s6 duong thay ddi théa x + y+ z <

P:\/x2 +i2+\/y2 +i2 +\/z2 +i2
y z X

. - ( 1} - [ 1} - [ 1} - o> o ( 1 1 1}
sDatu=|x; =|,v=|y; = |, W=|Z; = |DU+V+W=|X+Yy+Z; —+—+—
y z X X Yy z

. Ta co

2
: x2+i+\/y2+i+\/zz+i: = [(x+y+2)*+ 1.1
y? z° x? X y z

3 i 3i2_ 3 2 1
>\/( xyz) J{s\/xiyz] _3\/w/(xyz) +W

- o >

u+Vv+w,

—

W,

—

u

—>

+|V|+ >

1 N 15
16-“{/(xyz)2 16-“{/(xyz)2

>3 \/2\/3 (xyz)?. ! + 15

163/ (xyz)? 16[)( +y+ zjz
3

3 1,059 ,g1,15 9 37
2 16 (x+y+z) |2 16 (32 2

-Déu(=)xéyra<:>x:y:zvax+y+z§% ©x=y=z=%

317

. 1
sViy: MinP=—/ <o x=y=z==
ay > y >
X2 +y?=2
2° +2z(x+Yy)=8

Vi du 6: Cho X, Y, z 1a céc sb thuc thay d6i thoa { Tim GTLN cua biéu thirc

P=2z(y-x)



Ta co

2y)* +(-2x)* =8
x> +y?=2 2x% +2y% = 4 (2y)" +(-2x)
P P 7 2 7 2

-Déta=[x+5; y+£j, v=(2y; 2x) = [u=+6, |v|=+8

2 2

Taco: J.U=2y[x+§j—2x[y+§j =z(y—-x)=P

Ma P =u.v <ullv|= V68 = 43

- -
Dau (=) xay ra khi va chi khi u va v cung hudng

el oyl
Suyra: e 22<:>2(x2+y2):—z(x+y)c>z(x+y):—4,v‘|x2+y2:2

y —2X

) ., L X+y==%1
Suyra:z"=16 < z=%4 (Vi z°+2z(x +y) = 8), khi do dugc ¢ , * 2; giai duoc (X,

X“+y*=
y,2) la:
1443 1-43 ) (1-v8 1443 ] (1443 -1-43 ) (-1-43 -1+V3 ,
2 2 )22 )2 2 )2 2

*)
= Vay : MaxP = 44/3 véi (x; y; z) thoa (*)
Vi du 7: Cho x, y 1a cac s thuc thay d6i. Tim gié tri nho nhat cua biéu thuc :
P=\/(x—1)2+y2 +\/(x+1)2+y2 +|y-2 (Dé TSDH —
i Khoi B — Nam 2006)
» Trong mat phang toa do Oxy; xét M(x —1; -y) , N(x + 1; y)

Do OM + ON > MN nén +/(x—1)2 + y? +/(x+1)2 + y? 24+ 4y? = 2,1+ y?
Khido: P>2y1+y* +|y—-2|=f(y)

= Xét ham s f(y)=2\/1+7+|y—2|

Noiy<2: f(y)=2ylry’+2-y = f@)=—2L_ 1

Ji+y?
>0
f(y)=0:>2y=w/1+y2©{y c}y:%

4y? =1+ y?

Lap BBT, taco V y<2 suyra f(y) >2 + +/3

CVGiy>2: f(y)221+y? 22J5 >2+4/3
x=0
* TOm lai, ta co P>2+4/3; VX, y. Vay MinP =2 ++/3 khi {y—}/
/3

Vi du 8: Cho X, y 1a c4c sb thuc thoa mén : X% + y? = 4. Tim gi4 tri nho nhét cta biéu thic:
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P =+/5-2x +./54 - 2x - 14y
= X6t 2P =~/20—8X +2,/54— 2x —14y = \/x? + y? —8X+16 + 2,/x? + y2 —2x—14y +50

= J(x=4)% +y? +2(x-1)2 +(y-7)?
» Trong mat phéng toa do Oxy; xét A(4; 0), B(1;7) va M(X; y)
Vi x, y thoa : x* + y* = 4 suy ra M(x; y) e (C) vé6i (C) la duong tron tdm O(0; 0) ban kinh R
=2
Khi d6 : 2P = MA + 2MB ‘
= Goi I(1; 0) thi | nim trong duong tron (C) . Khi d6 moi diém M € (C) ta déu c6 : MA = 2MI

That viy, MA = 2MI < MA? = 4MI2 < (MO+ OA)? = 4(MO+ Ol )?

& MO? + OAZ + 2MOOA = 4(MO? + 012 + 2MOOI)
& 4+16+2MOOA = 4(4 +1+ 2MOOI)

< 2MO(OA-40I1) =0 : dang voi moi M thude (C) .
= Tac:2P = MA+2MB = 2MI + 2MB = 2(MI + MB) >2IB = 14
Dau “=" xay ra khi va chi khi M 1a giao diém cua (C) va doan IB.

. x=1
DPoan thang IB ¢6 phuong trinh : ,suy ra M(1; +/3)
0<y<7

= Vay: MinP = 7 khiva chikhix =1,y = /3 .
. . a’+b*+1=2(a+b
Vidu9: Cho a, b, ¢, d la 4 s6 thuc thoa man diéu kién : - ( ) .
c°+d°+36=12(c+d)

Ching minh: (v2-1)° <(a—c)?+(b-d)? < (V2 +1)°
(a-1)*+(b-1*=1
(c—6)*+(d -6)* =36
* Trong mét‘phéng toa do Oxy; xét cac diém M(a; b), N(c; d) (tpong do a, ‘p, ¢, d thoa man dé
bai) thi M nam trén duong tron (C1) €6 tam O4(1; 1), ban kinh bang 1; N ndm trén dudng tron
(Cy) c6 tdm O4(6; 6) , ban kinh bang 6 . Bat dang thirc can chirng minh twong dwong :

V2-12<(@@a-cl+(b-d)? <N2+1)° < 5J2-7T<MN<5J2+7
= N&i O v6i O, O; (O, Oy, O, thang hang) cat duong tron (C1) tai Mi va M, , cét duong tron
(Cz) tai N1, N» (theo tha ‘[I;I O, Ml, 01,,M2, N1, Oy, Nz) Ta nha_‘m thﬁ.y M1N5 , MyN; tuong 1:1?1’1g
la cac khodng cach xa nhat va gan nhat gilta hai diém trén hai duong tron. Nhu vay, voi moi
cip diém M e (C1) va N e (Cy) , ta ludn co :

M,N; < MN <M;N,

Trong d6 : 00, =~/200, =642 = M,N, =ON, —OM, = (6+/2 +6) = (v/2 1) =52 + 7
Tuong ty : M,N, =ON, —~OM, = (6+/2 —6) — (/2 +1) =52 -7
Suyra dpem 5v2 -7 <MN <52 +7

= Tr gia thiét, ta c6 {

2+J§
2

= Dau (=) bén trai trong bdt d4 cho xiy ra & M = M, , N = N, & a=b= va

c=d=6-32
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Déu (=) bén phai trong bdt d4 cho xiy ra & M =M; , N =N, & a=b=
c=d=6+32
r—~ Bai tdp twong tu : .
1. Cho X, Y, Y4 > 0 . Chirng minh rang
\/x2+xy+y2+\/y2+yz+zz+\/zz+zx+x22\/§(x+y+z)
a’+b*+24=06a+8b

2.Choa, b, ¢, d, x, y la cac sb thuc thoa didu kién : {c®>+d?+99=12c +16d . Tim GTNN
3Xx—-2y-12=0

cua biéu thuc :

P =(x=a)2+(y—h)? +/(x-c)? +(y—d)>

I11. Phwong phap ham $0:

. £ , . | X+y+2=0 , . 3 22,2 o L
Vi du 10: Cho ba so thuc x, y, z thoa mén . Chung minh rang : x°y“z° < —
X*+y?+2°=1 54
V+2 02 +2°) X -(1-x") _ . 1
2 2 2

»Taco: y+z=—-X, yz=

Ngoai ra: (y+z)224yz:>x224x2—2:>x2§§

2

f'(t):3t2—2t+£:0 : f'(t)=0<:>t=£vt=E
4 2 6

Lap BBT s ta théy
2 1 1 1 1 1
Vie|0,=|:f(t)<— Suyra f(x)<—=x—x'+=x’<—=x*yz°<— (@
e[ 3} <5, Suyra T <) 3 X S5 T XY sy Gem)
Vi du 11: Cho x, y thay ddi va thoa : (x +y)* + 4xy > 2. Tim gié tri nho nhit cta biéu thirc :

P=3(x"+y"+x’y?)-2(x* +y*) +1 (Dé TSPH -
Khéi B — 2009)
= Nhan xét : gia thiét cho (x+y)® =2 —4xy, ma (x +y)’>4xysuyra: (x +y)* + (x + y)* >
2=>x+y>1
. Ta co

P=3(x"+y"+x°y*) - 2(x* + y2)+l:g(x4 + y“)+%(x4 +yt 22Xy =2 + yA) +1

:%(x4 +yh +%(x2 +y2)P-2(x* +yH)+1
> %(x2 +y?)? +%(x2 +y2)P=2(x* +yH)+1=

:%(x2 +yY)?=2(x* +y?)+1
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2
-Bétt=x2+y2,dk:t=X2+y22M2% ViX+y>1

2
Taco P=3t2—2t+1=f(t), i>1 ; f'(t):gt—2=0©t=f
4 2 2 9
Lap BBT , ta co Vt2£:> f(t)Zi,f(t)zi(:)tzi
2 16 16 2

x* =y? XZE
* Dodb: PZ%, diu (=) xay ra khi va chikhi <X +Yy =1 & i
x> +y? =12 Y=§
A . 9 1
Vay : MlnP:EQX:y:E
Vi du 12: Cho X, y, z la ¢éc s6 thyc duong thay doi thoa diéu kign x + y + z=3. Tim GTNN
cua bicu thuc :
Xy + yZ + X
X2y + Y2z + 2°X
= Nhanxét 3(X°+y* +23)=(X+y+2)(X*+y*+2°) , vix+y+2z=3
(X2 +y2+2°) = (P +xy) + (Y + y22) + (22 + 2XP) + Xy + Y’z + 2°X
Ma x> +xy’ 22 /xxy* =2x°y , Yy +yz? >2y’z , 2%+ 2x* > 27%x
=3(X°+ Y +22) 23Xy + Y2+ 2PX) > X2+ Y+ 27 > XAy + Yz 4+ 27X
Xy + Yz + X
x> +y*+17°
sPatt=x"+y +7°,tac6 9= (X+y+2)* <32+ y?+2%) =>t=x>+y*+2?>3

P=x"+y* +2°+

Khido: P>x*+y*+7° +

Ngoaira: xy+ yz+zx=T

Suy ra P2t+%:f(t)

2t2 -9
2t2

9-t

= Xét ham s6 f(t)=t+7 L t>3 ()= , f)=0t=%

Nl

Lap BBT suyra: Misn f(t)y=4 khit=3
t>
»Vay: Pmin=4 khi x=y=2z=1
Vi du 13: Cho X, Y, z Ia cAc s6 thuc duong thay dbi théa diéu kién x° + y* + z° = 1.Tim GTNN
cua biéu thuec :

P:(x+y+z)2+%(

X +y*+ 78 1
Xyz Xy + yz+sz
* Nhin xét
XY+ =X+ Y 2P+ 2(XY + Y2+ 2X) =1+ 2(XY + YZ + 2X)

Xy 428 =3xyz+ (X+y+ z)[x2+y2 +22—(xy+yz+zx)]:3xyz+(x+y+z)[1—(xy+yz+zx)]
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3 3 3
Xy +z :3+(i+i+iJ[1—(xy+yZ+ZX)]23+L[1—(XY+yZ+ZX)]

Xyz Xy yz X Xy + yZ + zX
Khi d6 : P21+2(xy+yz+zx)+£{3+L[l—(xy+yz+zx)]—;}
2 Xy + yZ + zX Xy + Yz + zX
. bat t = Xy + yz + zX , ta co
2 2 2 2 2 2
xySX;y ,yzﬁ%,zxﬁzzx = t=Xxy+yz+xX<x*+y*+2°=1

Suyra:0<t<l1
Taco P21+2t+%[3+9(1t_t)—ﬂ=—2+2t+%= f(t)

4 2t°-4

EE-:

L f)=0t=22

= Xét ham s6 : f(t)=—2+2t+% , te(O;l] cft)=2-
Lap BBT suyra: Minf(t)=4 khit=1

0<t<1

* Vay : Pmin=4 khi x:y:z:i

V3
Vi du 14: Cho x, y la hai s6 thuc duong thoa : 2(x® + y?) + Xy = (X + Y)(xy + 2).
, ) X3 y3 XZ yZ
Tim glé. tri nho nhat cta biéu thiuc : P = 4{—34- —SJ - 9(—24- —ZJ (Bé
y* X y> X
TSPH — Khéi B — 2011)
= Nhan xét : gia  thiét  cho 20 + y3) +xy = (X + y)(xy + 2)
= 2(1+1J+1:(£+1J(xy+2)
y X Xy
= 2(1+1J+1: x+g+ y+g
y X X y
1)

Theo bit  dang thirc Cosi ta co X+ 2 +y+ 2 > 2\/5(\/2 + \/zj
X Yy Yy X
)

Détt:§+%>0,tfr(l)va(2) suyra: 2t+1>22t+2 = 4t2-4t-1520:>t22
. Xy x* Y 3 2 3 2
» Ta co P=4 —+5|-9 —+5|=4("-3t) -9(t" - 2) =4t" - 4t" 12t + 8= f (1),
y. X y© X
w2
2

f(t)=12t>-8t-12=0, f'(t):Oc}t:_?lvt:Z

Lap BBT tacs V22 =P =f(t)2 f[2]= 23
2 2)” 4
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A ) 23 . Cx=1 X=2
= Vay : MInP = —— khi va chi khi =
4 y=2 |y=1
I~ Bai tdp twong ty :
1. Cho x, Y, z la cac so thyc khong &m théa man X2 + y* + 72 = 1. Tim gié tri 16n nhét coa
biéu thuec :
) P=6(y+z-x)+27xyz
2.Chox,y,z 14 c&c so thuc khong am thoa mén X2 + y2 +72=3. Tim gia tri 16n nhat cta
biéu thuec :
P=xy+yz+2Xx+——m
X+Yy+1z
3. Cho X, Y, z la cac sb thyuc thay ddi. Tim gia tri 16n nhat va gié tri nho nhat cua biéu thirc :
X+2y+3z
P=
VXt +1+4y* +16 ++/z* +81
IV. Phuwong phép khio sat 1in lwot tirng bién :

Vi du _15: Cho x, vy, z e [0; 1]. Tim gid tri 16n nhit coa biéu thuc
P=2(x+Vy*+2%) - (xX*y + Y’z + 2°X)

= X6t f(X)=2x3—yx* —2°x+2(y*+2°) - y*z

X, :%(y—\/y2 +62°)<0,x ¢(0:1)
X, :%(y+1/y2+622)

Qua X thi f '(x) d6i dau tir (-) sang (+) nén x, 1a diém cuec tiéu

- Néu x; e [0; 1] thi f(x2) < f(0) va f(x,) < f(1)

« Néu x; ¢ [0; 1] thi f(x) 1a ham sb don diéu giam trén [0; 1]

Ca hai truong hop nay thi Maxf(x) dat dugc tai xo = 0 hodc xo =1
Taco f(0)=2(y’ +2°) -y z<2(y* +2°)-yz+(2-y-2°) =T (1)
Nhuvay f(x)< f@Q=2(y+2°)-y*z+(2-y-12%)

f(x)=6x>-2yx-2z> , f(X)=0<

= Xét g(y)=2y’—zy* —y+22°+2-7°
1 5~
Y1:€(Z_ 22+6)<OaY1¢(0;1)

Y, =%(Z+\/ZZ +6)
Twong tw nhu trén, Maxg(y) néu dat dugc thi xay ra tai y = 0 hodc y =1
Nhung g(0)=22°+2-2"<22°+2-72°+(1-2)=g(1)

Nén g(y)<g@)=22*-z"-z+3

= Xét h(2)=22-2"-2+3

g(y)=6y’-2zy-1, g(y)=0<

2, =1(1-/7) <0
h(z)=672-27-1 , h@)=0e| O
Z, :%(1"'\/7)

Lap BBT, ta thiy z € [0; 1] thi h(z2) <h(z) <h(0) =h(1) =3
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* Vay MaxP =3 .

Vidu 16: Cho x, y, z € [1; 4] vax >y, x > z. Tim gi4 tri nho nhét ctia biéu thirc :
=X y + z (Pé TSPH -
2X+3y y+z 74X

Khéi A- Nam 2011)

sTadat: P=f(2)=—~ 4+ + % 7e:4]
2X+3y y+z 74X

f(2)=- y —+ X ZZ(X_y)z(ZZ_XyZ f0)=0e X=y
(y+2)° (z+x)? (y+2)%(z+x) 22 = xy

« Néu x = y thi Pzg

«Néux>yvix>y)thi f(z)=0khiz = \/W € [1;4], VX,y € [1;4]
Lap BBT ta thiy V z e [1; 4] thi :
X

X 2y y 2
P=1f(z)>f(yxy)= + = +
(2) W) 2X+3Y  AIX 44y 2§+3

\/;+1
y y

-Laidétt:\/z Cdol<X<4 nenl<t<?
y

y
Xet g =t 4+ 2 1ct<2
22 +3  t+1 N
:>g(t)= 8t +62t (t 22)+6(2t 3)<0 ’ Vte(l,Z]
(2t° +3)°.(t+2)
suy ra g(t) 12 ham sb luon nghich bién trén khoang (1; 2]
vivaiy: 1<t <2= g(t)Zg(Z)z%
34 R
» TOm lai P:f(z)zf(\/x_y)=g(t)z§, Déu (=) xdy ra <1 x , = y=1 . Vay
y z=2
MinP:?’—4
33

Vi du 17: Xét cac sb thyc duong x y, z thoa mén diéu kién xyz + x + z = y. Tim gia tri 16n
nhat cua bi€u thirc
2 2 3

P= + +
X*+1 y*+1 7°+1

-Giéthié't:x+z=y(1—xz)>0 =1-xz>0 hay x<l va y:fi
Z - XZ
2 3 2(x+12)°

+ —
X*+1 2°+1 (A+x5)A+12%)

Thay vaotaco P =
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2
21 (X2+ 2) —~ VGibién 0 <x < 1 va z coi la tham s6 (z> 0)
X“+1 (1+x7)(1+2z9) z

2
=—z-~7%+1
_—27(X* + 22 1) X=m2-ve s

f(x)= ; f(X)=0=>x*+22x-1=0<
1+ X021+ 2) xoz_z+¢f+¢e[a%j

Qua xp thi f (x) d6i ddu tr (+) sang (-) nén f(x) dat GTLN tai xo
= Ma>l< f(x)=f(x,)=1+

= Xétham s6 f(x) =

0<x<; Zz-l-l
»Licdo P=2f(x)-2+ 23 <2142 -2+ 23 __ 2 + 23 =g(2)
2" +1 22 +1 2 +1 7241 7°+1
Q2
Xét ham s6 g(z) = 2z + 23 V6iz>0 =g(2)= 2(1-82")
VP41 27+l (2 +1)2.(3z+7% +1)

V&iz>0thig(z) =0 taiz = % Va qua zo thi g'(z) di dau tir dwong sang 4m nén g(zo) 1a

gia tri cuc dai

1 10
=>P<gl——|=—
g[zJij 3

» Vay MaxPz% khi z=i, suyra x=

22

r—~ Bai tdp twong tu
1. Xétham sb : f(x; y) = (1 = X)(2 - y)(4x — 2y) trén mién D ={(x;y)/0<x<1,0<y <2},
Tim gié tri nho nhét ctia ham s6 ftrén D .
2. Xét céc sb thyc duong x, y, z thoa man diéu kién ; 21xy + 2yz + 8zx < 12.
2 3

~ < -z . 5 A , <A /. 1
Hay tim gid tri nho nhat cua bi€u thuc : P=—+—+— .
X Yy z

%,Y=\/§

Tam Ky, ngay 20 thang 03
nam 2012 )
TO TOAN - TIN
THPT CHUYEN NGUYEN
BINH KHIEM
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- THAM LUAN _
0 _ TIM PIEU KIEN CUA THAM SO . ]
DPE PHUONG TRINH, HE PHUONG TRINH VA BAT PHUONG TRINH CO
NGHIEM.

Di tir bai toan chira tham sé quen thudc va khong kho d6i véi hoc sinh bac THPT 13 bai toan
tim diéu kién ctia tham sé dé phuong trinh bac hai ¢ nghiém thuc, nhung néu 1a tim tham sb
dé phuong trinh ¢6 nghiém trén mot khoang nio d6 1a diéu khong dé... Bai toan tim diéu kién
cta tham sb dé PT, BPT va hé PT, hé BPT c6 nghiém lai cang kho hon boi sy da dang va dic
thu ciia n6. Dé giai duoc cac dang bai tap nay, doi hoi hoc sinh ¢o trinh d6 tu duy logic va linh
hoat dé lwa chon phuwong phéap giai phil hop voi ting bai toan. Chinh vi vy ma n6 thuong
duogc chon dé danh gia hoc sinh qua cac ki thi vao cac tru’ong dai hoc, cao dang hay cac ki thi
Chon hoc sinh gidi cac cap. Bai viét nay chi thé hién mot vai phuong phap gitip hoc sinh giai
quyét dugc mot sb bai toan tren

1. Phwong phap ham s0:

+ Néu ham s6 f(x) lién tuc trén doan [a;b] va f(a).f(b)<0 thi phuong trinh f(x)=0 co it
nhit mot nghi¢m thudc khoang (a;b).

+ Phuong trinh f(x) = m ¢6 nghiém khi va chi khi m thudc tap gia tri ciia ham sé y= f(x).

Luuy:

+ Vn dé dat ra 1a khi nao s dung phuong phap ham sb dé giai bai toan dang nay?
Trong nhiéu bai toan dan vé viéc khao sat tam thirc bac hai trén mot doan nao d6. D& thay
rang, viéc lya chon phuong phap ham sé tranh duoc tinh trang bo sot truong hop nhu viée
xét ddu tam thirc bac hai.

+ V6i phuong phap ndy, viéc nhim nghiém ciing hét stic quan trong trong mot s6 bai
toan. Ta xét cac bai toan sau:

Bai toan 1:

Tim m dé phuong trinh sau day c6 nghiém 3vx—1+my/x+1=23x*-1 ( Trich dé
TSPH khoi A-2007)

Giai:

Diéu kién: x>1
Ta bién doi phuong trinh vé dang:
1 -1
— 3 | X2 04l )
X+1 X+1

bat t= X—_lz\/l—i,v‘l x>1nén 0<t<1.
Xx+1 X+1

Diéu nay twong duong voi m thudc tap gia tri chia ham sb  f(t) =—3t?+2t, 0<t <1.
L pea N TN 1
Lap bang bién thién cua ham so trén [0;1) ta dugc tap gia tri la (—1;5} .

Vay phuong trinh ¢6 nghiém khi va chi khi -1<m < %

Bai toan 2: (Trich dé thi dai hoc Khéi A-2008)
Tim m dé phuong trinh sau day c6 dung hai nghiém thyc

2x +2x + 246 - x +/6-x =m
Giai:
Diéu kién: 0< x < 6.D4t vé trai cia phuong trinh 3 f (x),x [0;6]. Ta co:
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bat u( ! ! ,v(x)=i— !
Ve oy T
Tathiy, u(2)=v(2)=0= f'(2)=0
Ma u( )V( ) ung dwong trén (0;2) va cung 4m trén (2;6) nén ta co bang bién thién:
X 0 2 6
(X) I +

3\/2 +6
f(x) | 26 + 24/6 — \

Suyracac giatricAntimciamla 2v6+246 <m<3J2+6 .
. X
X*—X+4 2x*-6Xx+8

Bai toan 3: Cho phuong trinh =m. Tim m dé phuong trinh c6

nghiém duong.
Giai : V61 x> 0, phuong trinh tuong duong voi :

3 1 “m )

" 4
X+—-1 2(x+j—6
X X

Déttzx+ﬂ,dox>0:>t24,taduqcphuongtrinh:
X
3 N 1 _m ()
t-1 2t-6

Bai toan dan dén tim diéu kién cua m dé phwong trinh (**) ¢6 nghiém t>4.

bat f(t)= 31+216 t>4.

Xét f'(t)=- 32 _covwtz4

(t-1)° (2t-6)
Bang bién thién :
t
(D)

f(t)

SN

400

N | o

Vay, 0<m§g.

2. Phwong phip sir dung cac tinh chit dic biét ciia h¢ thirc:
Ta cd cac nhan xét sau day :
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Nhan xét 1: Néu hé thirc 1a chin d6i v6i x ma ¢ nghiém x = a thi nd ciing c6 nghiém x =
-a. Boi vay, hé thirc chan do6i vdi x néu c6 nghiém duy nhat thi nghiém d6 1a x = 0. Néu hé
thre doi xtng doi voi x va 'y ma c6 nghiém x = a, y = b thi n6 ciing c6 nghiém x = b, y = a.
Ba&i vay, hé thire doi xing do6i vdi x va y ma ¢ néu nghiém duy nhat (a,b) thi ta phai co a
=bhayx=y.

Nhan xét 2: Néu khing dinh T nao d6 ding véi moi gié tri cia x e | (a;b) thi khing dinh
T ciing ding khi x nhan gia tri cu thé x € | (a;b), dwoc chon mot cach thich hop.

Luu y: Céc bai tap str dung cdc nhan xét trén duogc trinh bay theo phuong phéap diéu kién
can va du.

Sau day 1a mot s6 bai toan &p dung :

Bai toan 4: Tim a dé voi moi b, hé phuong trinh sau ddy c6 it nhit mot nghiém :
(x*+1) +(b*+1)" =2 ()
a+bxy+x’y=1 (2)
Giai : Gia sir tOn tai a dé hé c6 nghiém véi moi b, khi do, tir phuong trinh (2) ta xem b la
an thi n6 c6 vo so nghiém. Suy ra:
xy=0
{ Y ) =a=1.
a+xy=1
Nguoc lai, védi a=1 :[h‘l dé dang suy ra hé c6 nghiém x=y=0 v&i moi b.
Vay a=1 la gia tri can tim. ’
Bai toan 5: Tim m dé hé sau c6 nghiém duy nhat
x2 =2 4|x|~y-m n
X +y?=1
Giai :
. . . X=a
Nhan xét rang, khi thay x boi (-X) , hé d& cho khong doi. Do d6 néu hé c6 nghi¢m { 5
y =

X=-a
y=p

. . | X=a
Gia str h¢ c6 nghiém duy nhat { thi a =—a, = a =0

thi hé cling c6 nghiém {

Suyra x=0, y=41. Suy ra m=0 hodac m=2.
Nguoc lai, khi m=0 thi hé viét lai dang:
x? = 2 +|x|-y (a)
{xz +y =1 (b)
Tir phuong trinh (b), co: ~1<y<1 va 0<[x|<1= |x|(1-]x|)> 0.

*)

Tu phuong trinh (a) ta cling cod : y = 2 +|X| (1—|X|) >2°+0=1

Tir cic danh gia trén d6i v6i y, ta thu dugc y=1.

Thay vao (b) ta dugc x=0. Dé thay (0;1) thoa (*).

Vay v6i m=0 hé c6 nghiém duy nhit.

Khi m=2, ta thay h¢ c6 it nhit hai nghiém phan biét 1a (0;-1), (1;0) . Do dé6 m=2 khong
thoa man.
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Vay m = 0 12 gia trj can tim.

Bai toan 6:

Tim m dé moi x e [-4;6] déu 1a nghiém cuia bat phwong trinh sau:
(4+x)(6-x) <x*—2x+m *)

Gia st (*) dung véimoi X €[—4;6], khi d6 (*) cling dung voi x =1.

Hay (4+1)(6-1)<1-21+m =m>6

Nguoc lai, véi m>6 va xe[—4;6],tacé x+4>0;6—x>0 nén

(x+a)(6-x) s X2 E s

x2+2x+m:(x—1)2+m—12 0+6-1=5

Vay, m>6 thi (*) dung véi moi X [—4; 6] .

N , 3
Baitoan 7:  Tim a dé bat phuong trinh x> +3x* -1< a(ﬁ—\/x—l) (*) c6 nghiém.
Giai:
x>0
=
X=1>0
V6i diéu kién do ta co /X ++/x—1>0 nén:

(*)Q(x/;+x/ﬁ)3(x3+3xz—l)éa(\/;ju/ﬁ)s(\/;_\/ﬁ)?’:a
<:>a2(\/;+\/ﬁ)3(x3+3x2—1):: f(x)

(*) ¢6 nghiém khi a>min f (x), voi x>1.

(Vx+x=1) = (1+0)" =150 _

X*+3x%-1>1+3.1°-1=3
Suyra min f (x)=3 véi x>1.Vay a>3 lagiatrican tim.

Diéu kién: { x>1.

Véi x>1, tacod f(x)=3=f(1)

Bai tap twong tu:

1/ Tim m @é phuong trinh sau c6 nghiém thuc

Ux*=13x+m =x-1

2/ Tim m dé phuong trinh sau c6 ding hai nghiém thyc

I+ x 41+ —x+1=m
3/ Tim tat ca cac gia tri cia m dé phuong trinh sau c6 nghiém thuc

m(\/1+ X% —\1-X2 +2) = 21— x* L4 — 1 %2

5/ Tim m dé hé phuong trinh ¢4 nghiém duy nhét

VX2 +2+|y|=m
VY +2+4[X=m

6/ Tim a dé véi moi b hé phuong trinh sau luén cé it nhit mot nghiém
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e” +(a+1)by* =a’
7/ Tim m dé phuong trinh sau c6 nghiém
7 ,\/4x2 +2X+1—4x? —2x+1=2m
8/ Tim m dé bat phuong trinh sau c6 nghiém
X +4+x —myJ4—x <3m

Tam Ky, ngay 20 thang 03 nam 2012
TO TOAN-TIN i
THPT CHUYEN NGUYEN BINH KHIEM



